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Abstract This work describes a study on the acoustic streaming phenomenon, for promoting mixing in 
microfluidic channels. Acoustic microagitation is a solution to overcome the slow molecular diffusion and
accelerate chemical reactions, which is essential to the success of microfluidic devices. A preliminary study 
has been performed on the piezoelectric effect generated by an electroactive polymer and on the 
compressible flow Navier-Stokes equations. The simulations were based on finite elements numerical 
methods. It was concluded that the positioning of the transducer influences the pressure distribution over the 
fluid domain. It was also seen that the Navier-Stokes equations can be expanded as a sum of equilibrium, 
first and second order values, that describe the damped propagation of acoustic waves and the global flow, 
respectively. The time average of the first order results corresponds to a force and can be applied as a source 
term in the second order equations to determine the mean global flow into the microcuvette.
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1. Introduction
Microfluidic devices have been applied in 
many diagnostic systems [1], since they 
guarantee the rapid monitoring of patients with 
high sensitivity, repeatability and precision [2]. 
These microfluidic systems allow the 
immediate detection and quantification of a 
wide range of biomolecules in biological fluids 
[3, 4], presenting as main advantages the small 
size and low power consumption for being used 
as reliable point-of-care devices. They also 
allow system integration, small volume of 
samples and reagents and low cost when mass 
produced [5, 6, 7].
The small dimensions of those devices
feature laminar flow (Reynolds number less
than 1). Therefore, vortices do not form and 
molecular diffusion is the main mixing 
mechanism. As a consequence, mixing is slow, 
especially for large molecules. The use of a 
piezoelectric transducer can be a valuable 
option to overcome this difficulty, since it 
produces the acoustic microagitation 
phenomenon, promoting the mixing of fluids. 
Figure 1 shows a basic example of a 
microfluidic mixing system with a T-mixer that 
incorporates a piezoelectric transducer for 
improving the mixing process.
Figure 1. Microfluidic channels system, with two fluid 
inlets and one outlet. The transducer is a 110 μm film of 
poly(vinylidene fluoride) in the β phase.
The poly(vinylidene fluoride) – PVDF 
piezoelectric polymer, in its β phase, can be a 
suitable material for the generation of acoustic 
waves. It features good piezoelectric and 
mechanical properties, as well as low acoustic 
and mechanical impedance [8], which are 
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important for the generation and propagation of 
acoustic waves. The microagitation generated 
by a piezoelectric transducer is known by 
acoustic streaming, initially studied by 
Rayleigh [9, 10], which is based on the 
absorption of acoustic waves by the fluids, 
promoting a pressure gradient which generates 
fluid flow. The harmonic oscillation of the 
solid boundary near the fluid generates the 
propagation of the acoustic waves in the fluid 
as well as a steady mean flow field [10].
The acoustic streaming phenomenon can be 
divided in two main types: Rayleigh streaming, 
related to the fluid boundary layers near the 
solid surfaces and quartz wind, related to the 
acoustic energy dissipation in the fluid body. 
The acoustic streaming effects result from the 
non-linearity of the Navier-Stokes equations, 
when combined with viscosity [11]. As a result, 
the required time for mixing the fluids is 
shorter.
2. Background
Piezoelectricity is a property exhibited by 
particular materials which, when exposed to 
mechanical strain in suitable directions,
produce an electric polarization proportional to 
the strain. When the material is subjected to a 
strain, the molecular structure of the material is 
deformed, which leads to a different charge 
distribution on the surface of the material, 
causing its polarization. So, an electric 
potential is generated between two electrodes 
placed on opposite faces of the material (direct 
effect). The inverse piezoelectric effect occurs 
when a mechanical strain is produced in 
response to an external electric field [12, 13].
The inverse piezoelectric effect is a linear 
phenomenon described by equation (1), where 
dT is the piezoelectric coefficient, T the 
mechanical stress, E the electric field, S the 
displacement and sE the elastic coefficient [14].
EdTsS TE     (1)
The fluid flow can be described by the 
compressible Navier-Stokes equations, which 
include the momentum equation (2) and the 
continuity equation (3) [15]. ρ is the fluid 
density, u the velocity field vector, p the 
pressure, η the dynamic viscosity, κ the 
dilatational viscosity, F the volume force field 
and I the identity matrix.
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These compressible Navier-Stokes 
equations are applied since the density varies as 
a result of pressure changes (due to the 
compression and decompression of the acoustic 
waves). The compressible equations are very 
similar to the incompressible Navier-Stokes 
equations [15, 16], apart for an extra term in the 
momentum equation. This term is related to a 
viscous-stress tensor contribution(2ߟ/3 − ߢ)(∇ ∙ݑ)ܫ , which vanishes in incompressible 
equations since it is assumed that ∇. ݑ = 0 [16, 
17].
In order to evaluate the mixing, the mass 
transport equation must be solved. The mass 
transport equation is given by (4), where Pe is 
the Peclet number and c the solute 
concentration [18].
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The multiphysics problem constituted by 
the piezoelectric and the fluid flow equations 
was computationally solved by finite elements 
numerical methods. The problem was solved in 
a simple geometry domain, representing a 
piezoelectric film of β-PVDF (solid 
subdomain) under a rectangular microcuvette
(fluid subdomain), as shown in figure 2.
Figure 2. Multiphysics problem domain, representing 
the solid and fluid subdomains dimensions.
characters (a) to (g) represent the domain boundaries.
The definition of appropriate boundary 
conditions is essential to the success of the 
model. Relatively to the solid subdomain, it is 
necessary to define the mechanical and 
electrical boundary conditions. Mechanically, 
the lateral tips (e) and (f) of the β
are fixed (displacement is zero), 
(d) and lower (g) boundaries are free, 
implies that the film vibrates vertically. 
Electrically, the superior boundary 
connected to the ground; the inferior boundary
(g) is connected to a sinusoidal voltage of 10 
MHz frequency and the lateral boundaries 
and (f) show electrical continu
subdomain refers to a liquid bounded by lateral 
and superior walls (a), (b) and (c)
velocity is zero (no slip boundary conditions).
The bottom boundary (d) is represented by a 
mechanical pressure, generated by the 
piezoelectric effect. The coupling between the 
solid and liquid domains is
continuity approach, i.e. the pressure 
of the piezoelectric vibration 
domain, after each iteration, is applied
pressure boundary condition in the fluid 
domain. Moreover, it must be considered the 
acoustic interface between the transducer and 
the fluid, since the acoustic reflections at the 
surface are responsible for a large dissipation of 
the acoustic pressure. This phenomenon occurs 
due to the differences between the media 
acoustic impedances, i.e., the greater the 
difference, the higher the reflection. The 
reflected pressure returns to the piezoelectric 
film as a load applied to the material 
subdomain.
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3 Numerical Approach
This work followed t
used by Köster [19] and Frampton [20]
on the Navier-Stokes equations.
The main difficulty
phenomenon is the large 
time scales. The piezoelectric film vibrates with 
a frequency of 10 MHz
discretization of 1x10
acoustic streaming relaxation times are about 
1x10-2 seconds [19]. Therefore, it is necessary 
to apply an adequate approach to overcome and 
solve this problem. Accordingly to Köster, two 
subproblems must be considered separately: 
acoustics and acoustic streaming
The numerical study of the acoustics 
subproblem assumes an
compressible Navier-Stokes variables (density, 
pressure and velocity) as a sum of 
(constants in time and space), first order and 
second order values, taken from the momentum 
and continuity equations
describe the oscillating portion of the variables 
related to the acoustic field and their time 
averages are equal to zero. So, these terms 
represent a linear system that describes the 
damped propagation of acoustic waves
provide results for the instantaneo
20]. The first order system is described by the 
momentum and continuity equations, 
respectively:
Where ρ(0) represents the equilibrium 
density, constant in time and space, 
order density, v(1) the first order velocity and 
the first order value of 
Newtonian stress tensor.
Solving this first order system
obtained a force, which 
source term to solve the second order system 
[19, 20]. After solving the first order system for 
all the required time steps, it 
average value of the force
, Greece, 22-24 August 2011
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The acoustic streaming subproblem 
considers the above system solution as known 
data. This subproblem includes the second 
order terms and describes the mass and body 
force sources. The time average values 
determined above allow analyzing the acoustic 
streaming effects in a large time scale. 
Therefore, solving the second order system it is 
determined the mean global flow [19, 20].
The source term momentum and continuity
equations have vector components and are
described by the equations:
ߩ(଴) డ ௩ ഥ(మ)డ ௧ − ∇ ∙ ߑത(ଶ)= 〈−ߩ(ଵ)డ ௩(భ)డ ௧− ߩ(଴)(∇ݒ(ଵ))ݒ(ଵ)〉 (7)
డ ఘ ഥ(మ)
డ௧ + ߩ(଴)∇ ∙ ̅ݒ(ଶ)= 〈−∇ ∙ (ߩ(ଵ) ݒ(ଵ))〉 (8)
Where < > represents the time average, ρ(0)
the equilibrium density, ρ(1) the first order 
density, ρ(2) the second order density, v(1) the 
first order velocity, v(2) the second order 
velocity, and ߑത(ଶ) the average of the second 
order value of Σ.
The 2D model was numerically simulated
in COMSOL Multiphysics, since this software 
allows coupling different physical phenomena, 
such as piezoelectricity, microfluidics and mass 
transport. The piezoelectricity and the first 
order compressible Navier-Stokes equations 
were solved through the direct SPOOLES
solver, using a time-dependent approach. It was 
selected a 1x10-10 seconds time step for each 
simulation.
MATLAB 2010 software was used to post-
process the exported COMSOL Multiphysics 
data and to determine the matrix with the 
values of the time average source term.
4 Results
As a first approach, the fluid - structure 
interaction has been studied, which is the 
coupling of the piezoelectric transducer to the 
fluid flow, in order to determine the global 
mean flow and the consequent mixture. 
During the study of the piezoelectric effect, 
generated by the β-PVDF film, it was taken 
into account the Rayleigh damping, which 
value depends on the transducer quality factor 
and on the resonance frequency. The damping 
coefficient is given by the Rayleigh equation 
[21]: 
ܿ = ߙ݉ + ߚ݇   (9)
Where ߙ is the mass multiplication factor,ߚ the stiffness multiplication factor, c the 
damping coefficient, m the mass and k the 
stiffness of the material. As a consequence, the 
real deformation achieved was lower than the 
linear equation (1) would predict. Figure 3
displays the total displacement and the first 
principal stress at the instant 1 μs, in a two 
dimensional 110 μm β-PVDF film, actuated by 
a 10 V sinusoidal voltage of 10 MHz 
frequency. The chosen frequency was 10 MHz 
since it corresponds to the resonance frequency 
of the material.
Figure 3. At the instant 1 μs, in a 110 μm thick β-PVDF 
film, with 1.5 mm length, actuated by a 10 V sinusoidal 
voltage of 10 MHz frequency. a) Mechanical
displacement (m). b) First principal stress (Pa).
Then, the piezoelectric film was coupled to 
a microcuvette (dimensions 1.5 mm x 500 μm)
filled with water, aiming to determine how the 
piezoelectric material vibration influences the 
fluid pressure field. Figure 4 shows the 
instantaneous distribution of the fluid pressure 
a)
b)
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in the microcuvette, as a result of the 
propagation of acoustic waves, as well as the 
first principal stress in the piezoelectric 
material.
Figure 4. At the instant 1 µs. Upper region: Distribution 
of the acoustic pressure (Pa), in a fluid microcuvette, 
over a 500 μm x 1.5 mm area, when the transducer 
coupled to its lower wall generates a 10 MHz oscillatory 
pressure. Each stripe in the figure represents a peak 
pressure, as a result of the sinusoidal vibration. Lower 
region: Distribution of the first principal stress (Pa) in 
the 110 μm thick β-PVDF film, when an oscillatory 
electric signal with a frequency of 10 MHz is applied.
The vertical colored bars represent the pressure (Pa) 
color scales in the piezoelectric film (right bar) and in the 
fluid (left). 
The instantaneous pressure in the fluid 
appears as a succession of peak stripes, 
alternating maximum and minimum values, as 
a result of the sinusoidal vibration. These 
pressure differences allow the movement of the 
fluids, generating velocity fields in the 
microcuvette.
Although it is considered a simulation of 
just 1 μs, it is enough time to verify changes in 
the flow field pressure, velocity and forces.
Considering the speed of sound in water media 
(1450 m/s) and its wavelength, as a 
consequence of the high frequency of the 
acoustic signal generated by the piezoelectric 
transducer (10 MHz), it is possible to determine 
that it takes less than four wave periods (4x10-7
seconds) to the acoustic signal reach the upper 
side of the microcuvette and to reflect part of 
the acoustic signal.
Replacing the piezoelectric film of 1.5 mm 
length by another of 0.5 mm, located under the 
microcuvette, in a non-centered position, it was 
possible to study the pressure distribution on 
the fluid when the pressure boundary condition
becomes asymmetric. Figure 5 shows the 
instantaneous distribution of the fluid pressure 
in the microcuvette, as a result of the 
asymmetric propagation of acoustic waves, as 
well as the first principal stress in the 
piezoelectric material.
Figure 5. At the instant 1 µs. Upper region: Distribution 
of the acoustic pressure (Pa), in a fluid microcuvette, 
over a 500 μm x 1.5 mm area, when the transducer 
coupled to its lower wall generates an asymmetric 10 
MHz oscillatory pressure. Lower region: Distribution of 
the first principal stress (Pa) in the 110 μm thick β-PVDF 
film, when an oscillatory electric signal with a frequency 
of 10 MHz is applied.
As it can be clearly seen, in the region 
above the piezoelectric film, the fluid pressure 
is displayed in maximum and minimum 
pressure stripes, similarly to the way it happens 
when the transducer is located under all the 
microcuvette. However, out of this region, it is 
seen that the pressure amplitude decreases with 
the distance to the acoustic source. Also, there 
is acoustic reflection on the top and bottom 
interfaces, creating a zigzag pressure pattern all 
over the fluid area. This asymmetric transducer 
geometry seems more appropriate to move and 
mix the fluids in the microcuvette, once 
generates a pressure difference over the water, 
favoring its drive. Figures 6 and 7 show the 
instantaneous source term in y and x, 
respectively, at 1 μs, in the microcuvette with 
the asymmetric pressure.
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Figure 6. At the instant 1µs. Contours distribution of the 
instantaneous y component of the source term (N/m^3) 
in the microcuvette with the asymmetric pressure.
Figure 7. At the instant 1 µs. Contours distribution of the 
instantaneous x component of the source term (N/m^3) 
in the microcuvette with the asymmetric pressure.
It can be observed that the source term 
components distribute over the microcuvette in 
the same way the fluid pressure is distributed in 
the domain, which is in agreement to the work 
developed by Köster [19].
The results are not fully validated yet, since 
this work comprises only a preliminary study. 
However, the first results of instantaneous x 
and y components of source term forces show 
proximity to the results of Köster [19].
The analytic validation of the acoustic 
propagation into the microcuvette was
performed based on Nabavi work [22]. He 
developed an equation, based on Navier-Stokes 
equations, that comprises the physics of sound 
propagation and boundary conditions, and 
describes the acoustic propagation of a standing 
wave into a finite length channel. Nabavi 
considered a fluid excited by the harmonic 
motion of a diaphragm, and the analytical 
solution for the one-dimensional acoustic 
velocity is given by [22]:
ݑ(ݔ, ݐ) = ቆݑ଴sin ቆ߱ ᇱ(ܮ − ݔ)ܿ ቇ/sin (߱′ܿܮ)ቇcos ߱ݐ
(10)
Where x is the distance to the diaphragm, ω
the angular frequency, L the length of the 
channel, t the sound propagation time, u0 the 
vibration speed, c the speed of sound and ω’ is 
given by:
ᇱ߱= ߱ ቀ1 −ଷ௖మఋమଶఠమ௅మቁ    (11)
Where δ is the dissipation parameter (δ<1).
Therefore, in order to compare the 
analytical and numerical models, similar 
boundary conditions were applied in the 
COMSOL Multiphysics model. Figure 8 shows 
the y velocity versus the distance to the 
acoustic source, considering a 500 μm height 
microcuvette and a simulation of 1 us.
Figure 8. At the instant 1 µs. Comparison between 
numerical and analytical results: Distribution of y-
velocity (m/s) through the microcuvette height, when an 
acoustic wave of 10 MHz frequency propagates into 
water.
The differences between the results can be
explained since the analytic method doesn’t 
include the acoustic reflection in the walls,
which influences the signals amplitude and is
responsible for the signals overtaking, visible in 
COMSOL Multiphysics results.
Regardless of being just preliminary results, 
they seem to be in agreement with previous 
studies on the acoustics and fluidics areas and, 
therefore, the presented COMSOL 
Multiphysics model can describe the 
propagation of sound waves into a fluidic 
medium.
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5 Conclusions and Future Work
The present work evaluated the 
instantaneous flow in a microcuvette, promoted 
by an acoustic piezoelectric transducer, after a 
1 μs simulation time.
Although 1 μs is a short time to evaluate the 
mixing of fluids, it is enough time to observe 
changes in the instantaneous flow field 
parameters (pressure, velocity and body force
sources).
It can be concluded that the piezoelectric 
transducer, when excited with a sinusoidal 
electric voltage, generates a pressure wave in a 
microcuvette bordered by walls. This pressure 
wave propagates across the microcuvette, from 
the bottom to the top, alternating regions of 
high and low pressure. The phase and 
wavelength of the acoustic wave influence the 
thickness and the number of maximum and 
minimum pressure stripes. If the piezoelectric 
transducer is located in a non-centered position 
relatively to the fluid microcuvette, the pressure 
shows a different distribution around the fluid, 
being notorious the acoustic reflection on the 
walls.
Work is ongoing to determine the average 
global flow in the microcuvette, through the 
described second order Navier-Stokes 
equations, to evaluate the mixing promoted by 
acoustic streaming in a T mixer (figure 1) and 
to optimize the geometry of the device.
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